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The fast developing field of molecule-based magnets involving organic and coordination chemistry provides
the physicist with a multitude of novel compounds of unprecedented structure. The magnetic structure of
Cu4�tetren��W�CN�8�4 �1� was shown to consist of weakly coupled double layers. By contrast, in the structur-
ally similar compound Cu2+xCu4�W�CN�8�4 �2� the free spaces between the double layers are filled with
paramagnetic copper�II� ions leading to a unique magnetic network. Both compounds exhibit the transition to
a magnetically ordered phase at Tc�33 K and Tc�40 K, respectively. The critical behavior of 1 and 2 is
investigated using complementary methods: ac magnetometry, relaxation calorimetry, and muon spin-rotation
spectroscopy. Apart from �, �, and �, critical exponents � and �� describing the combined scaling of excess
entropy and order parameter are determined for both compounds. This type of scaling is verified for 1, the
system revealing the signatures of the Berezinskii-Kosterlitz-Thouless transition. For 2 their values imply that
the system is close to the universality class of the three-dimensional Heisenberg model. The relatively small
value of exponent �=1.05 for 2 indicates the presence of noncollinearity in the spin arrangement. Exponents
� and �� for 2 are also found consistent with noncollinear models. The shift of the heat-capacity anomaly
toward higher temperatures with increasing applied field indicates the presence of ferromagnetic
interactions in 2.
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I. INTRODUCTION

Molecular magnetism has been ceaselessly of major inter-
est for the last decades. Extensive studies of molecule-based
magnets revealed a number of striking features such as
room-temperature molecular magnets,1 single-molecule2 or
single-chain magnets,3,4 photoinduced magnets,5–7 magnetic
spongelike behavior,8,9 to name but a few. One of the prom-
ising aspects of these materials is the fact that their properties
can be modulated by flexible organic synthesis methods. In-
terestingly, by appropriately tuning the synthesis path one
can affect the dimensionality of the ensuing magnetic sys-
tem. Among a large number of ligands the cyanido anions
play a crucial role in the engineering of such materials and
lead to the variety of structures and functionalities.10–13

Molecular magnets belong mostly to the class of com-
pounds involving well-localized magnetic moments. For this
reason they provide a unique experimental ground for testing
the existing theoretical spin models. The signatures of the
nature and symmetry of magnetic interactions are encrypted
in the values of the corresponding critical exponents. This
makes the studies of critical behavior an appealing field
complementary to other methods aimed at full understanding
of magnetic couplings in a system. Besides, molecular com-
pounds represent sometimes examples of unique magnetic
structures, unprecedented in conventional materials. The
physical characterization of those is an important contribu-

tion to the understanding of the diversity of magnetic sys-
tems. The present work deals with such an example of a very
specific magnetic structure.

In this work we focus on the critical behavior in two
cyanido-bridged molecular magnets displaying different di-
mensionalities of the magnetic network. Recently, we have
shown that compound ��tetrenH5�0.8Cu4

II�WV�CN�8�4 ·7H2O�n
�tetren=tetraethylenepentamine�, which will be referred to as
compound 1, revealed the signatures of the Berezinskii-
Kosterlitz-Thouless �BKT� transition at Tc�33 K with criti-
cal exponents close to those of the two-dimensional �2D� XY
model.14,15 Crystal structure of 1 was solved by the
single-crystal x-ray diffraction16 and is depicted in Fig. 1.
The compound crystallizes in the orthorhombic system
�space group Cmc21� with unit-cell parameters a
=7.3792�6� Å, b=32.096�2� Å, and c=7.0160�6� Å. It
consists of anionic double layers formed by copper and tung-
sten ions distributed over the layers in an alternating fashion
and linked through the cyanido bridges. Within the double-
layer each Cu�II� ion is surrounded by five NC bridges con-
necting it to the neighboring W�V� ions whereas the coordi-
nation sphere of each W�V� ion comprises eight cyanido
ligands. Five of them mediate the linkage to the neighboring
Cu�II� ions, and the three remaining ones stand out of the
double layers and are presumably involved in the network of
hydrogen bonds. The space between the double layers is
filled with water molecules and the fully protonated tetrenH5
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molecules to maintain the charge balance. Magnetic interac-
tion between the double layers, related to the rather large
interbilayer distance of about 10 Å, stems from two inde-
pendent sources. On the one hand, we can expect the ex-
change coupling through the system of hydrogen bonds and,
on the other hand, the through space dipole-dipole interac-
tions become comparable to the exchange interaction due to
the rather large interbilayer distance.

Compound 2 was produced by withdrawing the tetren
molecule from the synthesis path of 1 with the view to
enhance the magnetic coupling between the double layers.
In consequence, additional Cu�II� ions were located in
the interlayer spaces and the magnetic transition temperature
was raised up to 40 K. The compound crystallizes in
the tetragonal system with space group I4 /mmm and unit-
cell parameters: a=b=7.22858�9� Å, c=28.282�5� Å.17

Figure 2 shows the projection of the crystal structure of 2
onto the bc crystallographic plane. Its chemical formula
Cu2+x

II �Cu4
II�WV�CN�8�4−2x�WIV�CN�8�2x� ·4H2O indicates that

there is a weakly nonstoichiometric amount of Cu�II� ions
placed between the double layers. To satisfy the charge bal-
ance the nonstoichiometric diamagnetic W�IV� ions appear
in the double-layer skeleton. The value of x indicated by the
Rietveld refinement of the x-ray diffraction pattern is 0.97.
The presence of the diamagnetic species affects the distribu-
tion of the exchange coupling in the crystal. However, it does
not preclude the formation of the three-dimensional �3D� ex-
tended network of coupled spins. Another important struc-
tural feature of 2 is the distribution of the interdouble-layer
Cu�II� ions. Structural data indicate that the additional Cu�II�

ions can take four equivalent positions lying above the cen-
ters of the squares of the double-layer grid. The formula of 2
implies that the occupation probability of each position is
approximately 3/8. This imbalance between the number of
possible positions and the number of the available Cu�II�
reduces exchange coupling between the double layers. The
presence of nonstoichiometric amounts of diamagnetic
W�IV� ions and paramagnetic Cu�II� ions between the
double layers together with the partial occupation of avail-
able sites by the latter may lead to the disorder of the mag-
netic network.

In the present contribution we focus on the critical behav-
ior of these two structurally related compounds. To deter-
mine the corresponding critical exponents complementary
experimental methods have been used ranging from the mag-
netic ac susceptibility measurements, through the calorimet-
ric measurements up to the muon spin-rotation ��SR� tech-
nique. Apart from the standard critical exponents �, �, and �
this wide spectrum of experiments enabled to estimate the
exponents � and �� appearing in the combined scaling of
excess entropy and order parameter.

The paper is organized as follows. Section II lists the
details of experimental techniques used. In Sec. III the re-
sults of the neutron powder diffraction for 2 are presented
and discussed. Section IV deals with the critical behavior as
revealed by the ac magnetic susceptibility measurement. In
Sec. V heat-capacity measurements of 2 are reported and
interpreted. In Sec. VI the measurements by the �SR tech-
nique are presented giving insight into the thermal depen-
dence of order parameter. That information together with the

FIG. 1. �Color online� Projection of the crystal structure of 1
onto the ab crystallographic plane. Alternating arrangement of
Cu�II� and W�V� ions forms anionic double layers. The space be-
tween them is filled with tetrenH5 countercations and water mol-
ecules �not shown for clarity�.

FIG. 2. �Color online� Projection of the crystal structure of 2
onto the bc crystallographic plane. The system of Cu�II�-W�V�
double layers is similar as in 1. The space between them is filled
with additional paramagnetic Cu�II� ions and water molecules, of
which only oxygen atoms are shown.
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output of calorimetric measurements for both compounds are
used to reveal the combined scaling of the excess entropy
and order parameter, which is described in Sec. VII. Section
VIII includes final remarks and conclusions.

II. EXPERIMENTAL

The neutron powder-diffraction measurements were per-
formed on D20 instrument at ILL facility in Grenoble using
neutron wavelength �=1.88 Å. First, the sample was cooled
down to 2 K and next the diffraction patterns were detected
at subsequent temperatures 2, 35, and 45 K. The D20 instru-
ment was chosen as it provides high beam intensity crucial
for systems involving low-spin values. Magnetic measure-
ments of 2 were carried out with the Lake Shore 7225 in-
strument in the temperature range of 4.2–250 K, in zero dc
field, and with Hac=5 Oe and f =125 Hz. The heat-capacity
measurements were performed with the Physical Property
Measurement System �PPMS� Quantum Design instrument
by the relaxation calorimetry technique on a powder sample
in the temperature range of 2–300 K and for several values
of external magnetic field in the range of 0–90 kOe. The
�SR experiment was performed at the ISIS pulsed muon
facility using the �SR instrument. The polycrystalline pow-
der sample wrapped in the silver foil was mounted in the
sample holder and placed in the cryostat employing a helium
bath to give temperatures down to 1.8 K. Prior to the experi-
ment the instrument was calibrated at 50 K and transverse
field of 20 G. Next, the sample was cooled down to 2 K in
zero external field, and the measurement was repeated for an
array of temperatures reaching a few kelvin above the tran-
sition point. The output of the �SR experiment was analyzed
with WIMDA software.18

III. NEUTRON POWDER DIFFRACTION

The crystal structure of 2 detected at room temperature
was already reported in Ref. 17. Additional measurements
were performed to get insight into temperature behavior of
the sample and also into the magnetic structure below the
transition at Tc�40 K. To achieve this goal neutron powder-
diffraction technique was applied. The top panel of Fig. 3
shows the corresponding patterns for 2, 35, and 45 K. It can
be seen that in spite of the large background due to incoher-
ent scattering, the Bragg peaks are well defined. The bottom
panel of Fig. 3 depicts the difference between the signals
detected at 2 K �below the transition point� and 45 K �above
the transition point�. Strikingly, the subtraction of the pat-
terns reveals no significant difference, i.e., no additional
Bragg peaks corresponding to low-temperature magnetic
structure are present as well as no substantial increase in the
intensity of the existing peaks is observed. This may be due
to the fact that the compound contains centers Cu�II� and
W�V� carrying spin one-half, and the corresponding Bragg
magnetic peaks are expected to be of low intensity and may
be hidden by the relatively stronger ones coming from the
crystal structure. Additionally, the possible presence of dia-
magnetic W�IV� ions implies the formation of disjoint clus-
ters of coupled spins. Secondly, the partial occupancy of the

interdouble-layer sites of the Cu�II� ions may lead to irregu-
larities in spin distribution. Both facts are expected to reduce
the contribution to the intensity of scattered neutrons.

IV. ac SUSCEPTIBILITY

Figure 4 shows real component �� of the ac susceptibility
signal for 1 and 2. For both compounds very sharp peaks at
Tc=33.04 K �1� and Tc=39.9 K �2� are observed revealing
the transition to an ordered phase. In comparison to 1 the
ordering temperature of 2 is shifted to higher values. This
corresponds well with the fact that compound 2 contains
additional Cu�II� ions located between the structural double

FIG. 3. �Color online� Top panel: powder-diffraction patterns for
2 recorded at 2, 35, and 45 K. Above considerable background due
to incoherent scattering well-defined Bragg peaks are present. Bot-
tom panel: comparison of the diffraction patterns detected at 45 K
�above magnetic transition� and 2 K �below magnetic transition�.
No additional Bragg peaks and no intensity enhancement of the
existing peaks are observed.

FIG. 4. �Color online� Real part of ac magnetic susceptibility for
1 and 2. For both compounds sharp anomalies at Tc=33.04 K and
Tc=39.9 K, respectively, mark the transition to the magnetically
ordered phase. Higher transition temperature of 2 is attributed to the
presence of additional Cu�II� ions exchange coupled with the spin
centers constituting the double-layer sheets.
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layers providing with the cyanido bridges the interbilayer
magnetic linkage, the feature absent in 1. There is an appar-
ent difference in the high-temperature slope of the ac signal
between compounds 1 and 2, which suggests distinct critical
behavior and a possible change in the dimensionality of the
corresponding magnetic network. The more gentle high-
temperature slope of the susceptibility curve of compound 1
may most probably be attributed to the 2D character of spin
fluctuations. No frequency dependence of �� of 1 and 2 was
detected excluding spin-glass behavior. The single-crystal
study of 1 �Ref. 14� revealed weak metamagnetism with
spin-flop field on the order of 50 Oe. Unlike for 1, on the
low-temperature wing of the ac signal of 2 an elevated shoul-
der can be seen. Its position coincides roughly with the po-
sition of the �� peak of 1. This feature is probably related to
the presence of the strong easy-plane anisotropy detected for
1 �Ref. 14� and may signal a crossover to a new state of
magnetic order with spins pointing in the easy direction. To
get insight into the critical behavior for both compounds, two
types of static scaling analysis of � were performed. The first
one is based on the classical scaling relation

� = c�T − Tc

Tc
	−�

�1�

while the other draws on the modified scaling law put for-
ward by Carré and Souletie �CS�,19,20 where the critical be-
havior is described by the formula

�T = c�1 −
Tc

T
	−�

. �2�

It was demonstrated20 that this law is applicable in an ex-
tended temperature range as compared to the standard scal-
ing law given by Eq. �1�, thus allowing for a more certain
determination of the critical exponent. It is useful to perform
a nonlinear transformation of Eq. �2� and get

� � log��T�
� log T

	−1

= − �−1T − Tc

Tc
, �3�

which is expected to put the data points on a straight line.
Additionally, the intersection point of this straight line with
the temperature axis gives the transition temperature whereas
at the same time the intersection point with the vertical axis
gives the inverse of the gamma exponent. The results shown
in Figs. 5 and 6 indicate a significant difference between the
two samples. In Table I the results of both approaches are
listed. It can be seen that both types of scaling give more
consistent � values for the quasi-2D compound 1 than for the
3D spin network of compound 2. The discrepancy for the
latter may be due to the fact that the modified scaling is
better suited for low-dimensional systems. As shown in Fig.
6, the Carré-Souletie analysis allowed to obtain plausible re-
sults also below the transition temperature.

For 2 the value of the critical exponent � was found to be
close to 1.0. Such a small value of � was reported in Ref. 21,
where systems involving noncollinearity of constituent spins
were investigated. This places compound 2 close to the re-
cently established universality classes N2C �XY anisotropic
chiral� or N3C �Heisenberg chiral�.21 The critical exponent �
for 1 is higher than the values expected for the standard
universality classes ��
1.24 for Ising, 1.32 for XY, and 1.38
for Heisenberg spins�. However, it is placed consistently be-

TABLE I. Critical scaling of magnetic susceptibility as revealed
by classical analysis �CL� and modified analysis put forward by CS.

Scaling CL CS

Compound
Tc

�K� �
Tc

�K� �

1 32.6�5� 1.63�1� 33.3�2� 1.67�2�
2 39.8�1� 1.05�2� 40.0�1� 0.86�1�

FIG. 5. �Color online� Classical scaling analysis of the ac sus-
ceptibility signals for 1 and 2. The value of the gamma exponent of
the quasi-2D spin network �compound 1� is enhanced as compared
to that of compound 2 displaying the 3D connectivity of spin
centers.

FIG. 6. �Color online� Scaling analysis of the ac susceptibility
signals for 1 and 2. The intercepts of the best-fit curves �solid lines�
with both axes yield Tc and 1 /�. The value of the gamma exponent
of the quasi-2D spin network �compound 1� is enhanced as com-
pared to that of compound 2 displaying the 3D connectivity of spin
centers.
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tween ����0.67� and ����2.2� found in the single-crystal
study for the direction perpendicular and parallel to the
double layers, which were pointed out to coincide with the
Monte Carlo results for systems with strong easy-plane
anisotropy.14 The transition temperatures determined from
the scaling behavior �see Table I� are fully consistent with
the values implied by the inflection points of the ac suscep-
tibility curves. Figure 6 shows also the experimental data
below the transition points. For both compounds the align-
ment of the data is clearly seen. However, there is a signifi-
cant difference in their behavior. For 2 the points below and
above Tc define the same line indicating the equality of the
corresponding � and �� exponents. By contrast, for 1 clearly
different slopes are observed for points below and above the
transition signaling a distinct critical scaling in these regions,
which may be expected for the BKT transition. The character
of critical fluctuations is different below and above the BKT
transition. Just below the transition there is a dense gas of
bound vortex-antivortex pairs, which may be imagined to
preclude spin fluctuations, hence the sudden drop of the
gamma exponent. Both classical and modified scaling laws
imply consistently a reduced value of �� close to 0.2. By
contrast, above the transition the pairs become unbound giv-
ing rise to less restricted fluctuations, which is signaled by
the enhanced value of the gamma exponent.

V. HEAT CAPACITY

For 2 in zero applied field a well-defined �-shaped
anomaly in heat capacity was detected at 38.7 K �the peak
position�, see Fig. 7, proving unambiguously the presence of
a magnetic continuous phase transition. The transition tem-
perature is consistent with the value found in the magnetic
measurement. To extract the magnetic excess heat capacity
	Cp, the observed Cp values within the range 46.6–75.0 K,
above the magnetic phase transition temperature, can be ex-
pressed by the sum of the lattice heat capacity—Cp �lattice�,
and the magnetic heat capacity due to short-range
order—Cmag �short-range order�. Cp �lattice� can be ex-
pressed by a polynomial function of temperature with cubic
and higher order terms whereas Cmag �short-range order� can

be expressed by a term proportional to T−2. Thus the ob-
served heat capacity within the range of 46.6–75.0 K can be
described as

Cp = Cp�lattice� + Cmag�short-range order� = �
i=3

n

aiT
i + bT−2.

�4�

The fit of Eq. �4� with n=6 to the observed heat capacity
yielded

Cp�lattice�/J K−1 mol−1

= + 1.3066 
 10−2� T

K
	3

− 3.7262 
 10−4� T

K
	4

+ 4.0868 
 10−6� T

K
	5

− 1.6173 
 10−8� T

K
	6

,

�5�

and b=45.4959
103 J K mol−1. The lattice heat capacity
thus determined for estimating the magnetic heat capacity is
shown in Fig. 7 as the solid curve. The magnetic contribution
	Cp was calculated by subtracting from the observed heat
capacity the lattice heat capacity given by Eq. �5�. Figure 8
shows the excess heat capacity for an array of applied field
values. In order to calculate the experimental value of en-
tropy change associated with the transition at zero magnetic
field the following procedure has been carried out. First we
fitted function fT3/2 to the zero-field data in the range of
3.1–4.8 K. This form of function corresponds to the low-
temperature contribution from spin-wave excitations CSW
�Td/n for a 3D ferromagnet �d=3, n=2�, where d denotes
the dimensionality of the spin lattice and n is the exponent in
the magnonic dispersion relation. The best fit implied f
=0.1172 J K−5/2 mol−1. This function was next used to esti-
mate the contribution to the entropy in the temperature range
0–3.1 K. It was found to amount to 0.43 J K−1 mol−1. The
entropic contribution in the temperature range 3.1–75.0 K
was obtained by numerical integration of the area under the
excess heat-capacity peak S=
	Cpd ln T. It amounts to
49.24 J K−1 mol−1. Finally the high-temperature excess heat

FIG. 7. �Color online� Total heat capacity at zero magnetic field
for compounds 1 and 2 measured on powder samples. For clarity
the heat capacity of 1 has been shifted by 100 J K−1 mol−1. The
�-shaped anomalies signal the presence of a magnetic continuous
phase transition. Solid lines are the baselines used to extract the
magnetic contribution to the heat capacity �see text�.

FIG. 8. �Color online� Magnetic contribution to the total heat
capacity of 2 for an array of applied field values. The anomaly is
suppressed and shifted toward higher temperatures with increasing
applied field implying a ferromagnetic character of exchange
interactions.
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capacity bT−2 was used to estimate the entropic contribution
above 75 K. This last contribution is 4.04 J K−1 mol−1. The
total entropy change thus amounts to 53.71 J K−1 mol−1. The
expected value of entropy change corresponds to that for
nine one-half spins �seven originating from Cu�II� ions and
two from W�V� ions� yielding S=R ln�2J+1�9 equal to 51.87
J/K mol for J=1 /2. The observed entropy change compares
well with the value predicted theoretically. Let us note that
the �-type anomaly is shifted toward higher temperatures by
the application of magnetic field, which points to the ferro-
magnetic character of exchange interactions. The scaling
analysis of the magnetic excess capacity for zero applied
field yielded a large positive value of �=0.332, see Fig. 9.
This again is in agreement with sizable positive values of
that exponent found in Monte Carlo simulations for stacked
triangular antiferromagnet, where noncollinearity of the
spins is present.21 In the case of 1 both ferromagnetic and
antiferromagnetic interactions were involved. The former
were responsible for the ordering within the double layers
whereas the latter determining the interbilayer interactions
accounted for the observed metamagnetic behavior.14,22 To
extract the magnetic contribution to the heat capacity an
analogous procedure as for 2 was applied. The fit of Eq. �5�
with n=6 to the heat capacity measured on powder sample
�see Fig. 7� in the temperature range 45–82 K yielded

Cp�lattice�/J K−1 mol−1

= + 1.6362 
 10−2� T

K
	3

− 4.8149 
 10−4� T

K
	4

+ 5.3554 
 10−6� T

K
	5

− 2.1211 
 10−8� T

K
	6

,

�6�

and b=12.7443
103 J K mol−1. The lattice heat capacity
determined in this way is shown in Fig. 7 as the solid curve.
The magnetic contribution 	Cp was calculated by subtract-
ing from the heat capacity measured on a single crystal with
the external field perpendicular to the double layers the lat-
tice heat capacity given by Eq. �6�. Figure 10 shows the
excess heat capacity for an array of applied field values. The

magnetic heat-capacity peaks are shifted toward lower tem-
peratures while applying the magnetic field in the direction
perpendicular to the double layers, see Fig. 10. This is attrib-
uted to the presence of the strong easy-plane anisotropy with
the applied field reducing the spontaneous in-plane align-
ment of magnetic moments. We proceeded along the same
lines as for 2 to calculate the excess entropy associated with
the zero-field anomaly. It was found to amount to
43.49 J K−1 mol−1 and compares well with the value of
46.10 J K−1 mol−1 expected for eight spins one-half per for-
mula unit. The critical scaling analysis of the zero-field heat
capacity reveals, similarly to 2, a positive value of the �
exponent equal to 0.174�8�, see Fig. 9.

In conclusion, the additional Cu�II� ions located between
the bilayers give rise to the reinforcement of exchange inter-
action evidenced by the positive shift of the transition tem-
perature. Besides, the character of interaction between the
double layers is changed from antiferromagnetic to ferro-
magnetic.

VI. MUON SPIN-ROTATION SPECTROSCOPY

Muon spin precession measured under zero external field
gives valuable information about order parameters, local in-
ternal fields, magnetic fluctuations in the neighborhood of a
phase transition and spin dynamics.23–25 This method re-
vealed unique critical fluctuations in molecular magnets im-
possible to see by other methods. Fully spin-polarized muons
are subject to precession in a local field at a muon stopping
site. The trajectory of the precession is traced by the positron
emission and registered by the backward and forward detec-
tors. The time evolution of the spin polarization of the im-
planted muons was detected by measuring the asymmetry
function A�t� given by

A�t� =
NB − NF

NB + NF
, �7�

where NF and NB denote the numbers of decay positrons
emitted forward and backward, respectively. Figure 11 shows
the muon spin relaxation detected in the vicinity of the mag-

FIG. 9. �Color online� Scaling plots for the zero-field magnetic
heat capacity of 1 �circles� and 2 �squares�. To avoid overlap of the
data the heat-capacity values of 1 were multiplied by factor 1.5. The
positive values of the � exponent suggest the presence of non-
collinearity in spin arrangement.

FIG. 10. �Color online� Magnetic contribution to the total heat
capacity of 1 for an array of applied field values. The magnetic field
is applied in the direction perpendicular to the double layers. The
anomaly is suppressed and shifts toward lower temperatures with
increasing applied field. This behavior is due to the presence of the
strong easy-plane anisotropy.
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netic transition. Spontaneous oscillations observed in the
time dependence of the asymmetry function A�t� below
39.87 K indicate the presence of local fields static on the
microsecond scale, marking the transition to the ordered
phase. It was checked that these oscillations require a single
precession frequency �

A�t� = A0 + A1 cos��t + 
�e−�t, �8�

where �=��B, ��=2�
1.355
108 �T s−1� is the muon
gyromagnetic ratio, B denotes the magnitude of the local
field, and � is the relaxation rate. The presence of one domi-
nant frequency suggests a single site of muon implantation.
It is in contrast to compound 1 where two frequencies were
observed, which may be understood in terms of a single stop-
ping site embedded in two distinct local domains with mag-
netic moments pointing in the a or c crystallographic
directions.15 Temperature dependence of the corresponding
local magnetic fields are depicted in Fig. 12. In order to
describe the critical behavior it was fitted to the function

B�T� = B�0��1 − � T

Tc
	���

. �9�

Parameter � relates to the low-temperature properties gov-
erned by spin-wave excitations while parameter � deter-
mines the asymptotic behavior near the transition. The best-
fit parameter values found for 2 are: �=1.10�9�, �
=0.373�8�, Tc=39.86�1� K, and B�0�=294�2� G. The value
of � critical exponent is close to that known for the univer-
sality class of the isotropic Heisenberg model in 3D. The
parameter values determined for 1 �Ref. 15� are: �
=0.237�12�, �=1.84�15�, B1�0�=121.0�6� G, and B2�0�
=61.7�7� G. The value of exponent � implies that the com-
pound can be classified to the group of 2D systems with XY
exchange anisotropy, thus providing a possibility for the
unique Berezinskii-Kosterlitz-Thouless transition.

VII. COMBINED SCALING OF EXCESS ENTROPY AND
ORDER PARAMETER

The main benefit from the �SR spectroscopy performed
in zero field is the direct insight into the thermal behavior of
the order parameter related to the nonvanishing internal
fields marking unambiguously the onset of the transition to
the ordered phase. This crucial information can be combined
with that concerning the entropy of the system inferred from
the complementary calorimetric measurements to yield fur-
ther characteristics of the critical behavior. On the basis of
the critical laws for specific heat and order parameter it was
demonstrated in Ref. 26 that the ratio of excess entropy and
the square of order parameter is expected to obey a specific
scaling law below the transition point Tc

	S

Q2 � �1 −
T

Tc
	�

. �10�

where � is the corresponding critical exponent related to
critical exponents � and �

� = �1 − � − 2� � � 0

1 − 2� � � 0.
� �11�

Equivalently, the scaling relation between both quantities can
be expressed by the following law:

	S � Q2��, �12�

where

�� = ��1 − ��/2� � � 0

1/2� � � 0.
� �13�

The excess entropy was calculated numerically from the
heat-capacity data

	S = �
T

Tc 	Cp

T�
dT� = �

0

� 	Cp

1 − ��
d��, �14�

where �=1−T /Tc. As the multiplicative factors are irrelevant
in the scaling analysis, the thermal dependence of the order
parameter was replaced by that of the local field obtained
from the �SR experiment, see Fig. 12. Figures 13 and 14

FIG. 11. �Color online� Time dependence of the muon asymme-
try function observed in the vicinity of the transition point of 2
under zero field. The onset of spontaneous oscillations in the relax-
ation signal marks the transition to an ordered phase. Solid lines
show the fits to the relaxation function given by Eq. �8� where a
single precession frequency was assumed.

FIG. 12. �Color online� Temperature dependence of the local
magnetic fields as inferred from the �SR experiment for 1 and 2.
Solid lines show the fits to the phenomenological law given in Eq.
�9�. For 1 two local fields were detected whereas for 2 only one
local field was observed.
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show that the experimental points tend to align while ap-
proaching the transition temperature for both compounds.
The ensuing asymptotic linear behavior for 2 yields the
following values of the exponents: �=0.241�5� and ��
=1.295�3�. The value of exponent � alone fails to pinpoint
the corresponding universality class as for both Ising-3D and
Heisenberg-3D models the same value of 0.26 is expected.26

It is the value of exponent ��, which is close to that predicted
for Heisenberg-3D model ��1.31�, that suggests the
Heisenberg-3D universality class. This, in turn, would point
out to the negative value of the � exponent, however, its
value found independently from the calorimetric measure-
ment is positive and quite large. Using Eqs. �11� and �13� and
the values of �=0.33 and �=0.373 one obtains �=−0.08 and
��=0.9 which are both lower than those found from the scal-
ing analysis. On the other hand, using the Rushbrook relation
��+2�=2−��, and expressing the rhs of Eqs. �11� and �13�
in terms of exponents �=1.05 and �=0.373 leads to �
=0.05 and ��=1.08. In conclusion, the value of �� calculated
on the basis of �, �, and � is in reasonable agreement with
that found directly from the scaling plot whereas for � an
apparent discrepancy is observed.

The same scaling analysis was repeated for 1. Figures 13
and 14 show the corresponding log-log plots. The experi-
mental points tend to align while approaching the transition
temperature, which is not obvious for two reasons. Firstly, it
was established14 that this compound is most closely related
to the XY-2D universality class with a possible topological
transition of the Berezinskii-Kosterlitz-Thouless type. Sec-
ondly, the discussed scaling behavior involves the critical
region below the transition point, and no such scaling was
theoretically derived for the BKT transition. The solid lines
in Figs. 13 and 14 show the corresponding linear fits, from
which the values of critical exponents are inferred: �
=0.443�2� and ��=1.965�5�. The values of � and �� are
substantially higher than those expected for the standard uni-
versality classes with the XY-3D model being the closest one
to this case.26 However, as mentioned above, this compound
is a unique system revealing the signatures of the BKT
transition,14,15 and the critical exponents for the combined
scaling of excess entropy and order parameter have been
experimentally determined for such a system. The values of
� and �� calculated from Eqs. �11� and �13� using the values
of � and � found from the corresponding scaling relations
are 0.35�3� and 1.7�1�, respectively. They agree well with the
values determined from the combined scaling of excess en-
tropy and order parameter.

VIII. CONCLUSION

We presented the results obtained by complementary ex-
perimental methods for two structurally related compounds
based on octacyanotungstate and copper ions. They were em-
ployed to get insight into the critical behavior. Firstly, let us
note that the exponents �=0.334, �=0.373, and �=1.05
found from the corresponding scaling laws for compound 2
satisfactorily reproduce the Rushbrook scaling relation,
yielding �+2�+�=2.13�4�, which falls close to the ex-
pected value of 2. An interesting finding is the fact that al-
though compound 2 may contain diamagnetic centers and the
copper sites located between the double layers are only par-
tially occupied it still reveals critical features close to the
universality class of 3D Heisenberg model. That is consis-
tently demonstrated by both the critical scaling of order pa-
rameter ��=0.373� and the combined scaling of excess en-
tropy and order parameter ���=1.295�. This evidence is of
relevance to the general theory of critical phenomena, as it
shows that even imperfect magnetic network yet satisfying
the requirement of full 3D connectivity is sufficient to re-
main in the class of 3D models. The same features of the
magnetic network, resulting possibly in its disorder, seem to
account for the suppressed intensity of magnetic peaks,
which prevents their identification in the diffraction pattern.
On the other hand, the unusually small � exponent found
from the ac susceptibility signal points presumably out to the
presence of noncollinearity in the spin arrangement. This is
suggested by the comparison of the critical exponents to
those calculated in the Monte Carlo simulations for the
stacked triangular antiferromagnet �STA�, where non-
collinearity originates from the inherent spin frustration,21

see Table II. The proximity to these recently established uni-

FIG. 13. �Color online� 	S /Q2 vs
Tc−T

Tc
in log-log plot for 1 and

2. For both compounds the experimental points tend to align while
approaching the transition temperature, which signals the algebraic
scaling behavior. Solid lines show the corresponding linear fits.

FIG. 14. �Color online� The log-log plot of the excess entropy as
function of the square of order parameter for 1 and 2. For both
compounds the alignment of the data points while approaching the
transition temperature is clearly visible. Solid lines show the corre-
sponding linear fits.
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versality classes is further evidenced by the comparable val-
ues of the � and �� exponents.

Another important finding is the experimental verification
of the combined scaling of excess entropy and order param-
eter for compound 1. As it exhibits the unique Berezinskii-
Kosterlitz-Thouless transition,14,15 the corresponding critical
exponents � and �� are reported. Their values are consistent
with those of � and � determined from the independent scal-
ing relations. The check of the Rushbrook identity yields for
this compound �+2�+�=2.28�4�. The deviation from the
expected value is larger than that obtained for 2. However, it

may be attributed to the fact that the scaling law for suscep-
tibility in the BKT transition has an exponential form instead
of an algebraic form.
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